In this work we consider bipartite noisy bound entangled states with positive partial transpose, that is, such a state can be written as a convex combination of an edge state and a separable state. In particular, we present schemes to construct distinct classes of noisy bound entangled states which satisfy the range criterion. As a consequence of the present study we also identify noisy bound entangled states which do not satisfy the range criterion. All of the present states are constituted by exploring different types of product bases.
the subspace H S of H then the normalized projector onto the complementary subspace H ⊥ S is a PPT entangled state. The bipartite bound entangled states produced in this manner are edge states and they violate the range criterion in an extreme way. This is because an edge state ρ has a property that there exists no product state |θ 1 ⊗ |θ 2 in its range such that |θ 1 ⊗ |θ * 2 belongs to the range of ρ t [14] . So, it is interesting to explore the states which are not edge states still violet the range criterion. In this context, it is important to mention about uncompletable product bases (UCPBs). For a given Hilbert space, a UCPB cannot be extended to a complete orthogonal product basis [15] . Furthermore, in the same paper it was shown that for a given Hilbert space H if the states within a UCPB span the subspace H S of H then the normalized projector onto the complementary subspace H ⊥ S may or may not be a PPT entangled state. For a practical purpose, it is difficult to say how to use an arbitrary bound entangled state. Nevertheless, in last few years use of several classes of bound entangled states were discussed in different contexts, for example, secure key distillation [16] [17] [18] , quantum metrology [19] etc. Bipartite bound entangled states which are related to quantum steering [20] and quantum nonlocality [21] were also explored. Later, a family of nonlocal bound entangled states were constructed in Ref. [22] . In the present work we consider bipartite noisy bound entangled states with positive partial transpose (see Ref. [23] as well). Any of the present states can be produced by mixing a separable state (noise) with an edge state [14] . Therefore, these bound entangled states are useful to learn about the robustness of entanglement within an edge state (also go through Ref. [12] in this context). In Ref. [19] the authors showed some examples of bipartite bound entangled states, entanglement of which is robust against noise. Again, it was shown that the bound entangled states within which entanglement is robust against noise are fit for experimental verification [24] . Clearly, the study of noisy bound entangled states has got practical importance.
We now give the main findings of the present work: (i) Starting from a particular class of UPBs, we show how to construct bipartite noisy bound entangled states that satisfy the range criterion. The range of such a state is spanned by a set of orthogonal product states. In particular, we obtain that these bound entangled states have lower rank with respect to the states presented in [11] for a given Hilbert space. (ii) Next, we give a protocol to constitute bipartite noisy bound entangled states from a particular class of UCPBs. An important property of these bound entangled states is that they satisfy the range criterion though the range of such a state cannot be spanned by a set of orthogonal product states. (iii) We further explore the construction of other classes of bipartite noisy bound entangled states. A subset of which do not satisfy the range criterion.
Rest of the paper is arranged in the following way: In Sec. 2, we give few definitions and preliminary ideas that are helpful to describe the present constructions. Next, in Sec. 3, the main results of this paper are presented. Finally, in Sec. 4, the conclusion is drawn.
Preliminaries
In this section we first give the definitions of different types of product bases namely UPB and UCPB for bipartite quantum systems. For more general definitions, one can go through the Refs. [13, 15] . Furthermore, we discuss about the bound entangled states produced from UPBs and UCPBs. We also discuss about some existing tools to examine the inseparability of a given bipartite PPT state. Definition 1. Let H = H A ⊗ H B be a bipartite quantum system. Consider a set S of pure orthogonal product states which span a subspace H S of H. Now, the states of S form a UCPB if the complementary subspace H ⊥ S contains fewer pure orthogonal product states than its dimension. On the other hand, the states of S form a UPB if the complementary subspace H ⊥ S contains no product state. Note that the vectors which span the subspace H ⊥ S are all orthogonal to the vectors in H S . Clearly, a UCPB cannot be extended to a full basis for a given Hilbert space H. This is because if the states of the set S form a UCPB then these states along with few other mutually orthogonal product states in H ⊥ S are not sufficient to cover the whole dimension of H. Moreover, if the states of the set S form a UPB then it is not possible to find any product state which is orthogonal to all the states of S . We now consider a set of bipartite product states {|φ i = |α i ⊗ |β i } n i=1 where |φ i ∈ H = H A ⊗ H B for each i. Also consider that this set forms an unextendible product basis which spans the subspace H S of H. So, the normalized projector onto H ⊥ S can be written as
where D is the total dimension of the composite quantum system H and I is the identity operator acting on H. The density matrix ρ is a bipartite bound entangled state [13] . Note that if the states |φ i are the normalized vectors of real vector space then the state ρ must be invariant under partial transpose. Next, consider a set S of pure orthogonal product states {|φ i = |α i ⊗ |β i } n i=1 . Also assume that these states form a UCPB in a Hilbert space H of dimension D. So, if the states {|φ i } n i=1 span the subspace H S of H then H ⊥ S contains the product states {|φ i = |α i ⊗ |β i } n i=n +1 , where n < D. The normalized projector onto the subspace H ⊥ S is given by
where I is the identity operator acting on the same Hilbert space where the states of S belong. From the above it is obvious that if the state ρ is entangled then it must be a noisy bound entangled state. In this sense, UCPBs have an important role to produce noisy bound entangled states. Moreover, such a state is partial transpose invariant if the states of the given UCPB are normalized vectors of a real vector space. In this work we mostly discuss about the bound entangled states which are partial transpose invariant. Remember that to prove a partial transpose invariant state satisfies the range criterion, it is sufficient to find a set of pure product states (that are normalized vectors of a real vector space) which spans the range of the given state.
To examine whether a given PPT state is inseparable or not, indecomposable positive (P) maps which are not completely positive (CP) play an important role. For example, the celebrated Choi map [25] is one such map. There is a rich literature on constructions, examples, and applications of such maps (for instance see Ref. [26] and the references therein). One can also use suitable witness operators [14, 26] to do the above. Here, we consider only PPT states and thus, to prove the separability or inseparability of those states, indecomposable P maps which are not CP or the witness operators are quite relevant. However, we start by giving the definition of witness operators. Definition 2. An entanglement witness W is a Hermitian operator with the properties that (a) Tr(Wδ) ≥ 0, for any separable density matrix δ and (b) there is at least an inseparable density matrix ρ for which Tr(Wρ) < 0.
Note that these witness operators can be taken in normalized form, i.e., Tr(W) = 1. The following witness operator, we are going to use extensively in our paper. This witness operator is efficient enough to detect any UPB generated bound entangled state. Suppose, ρ is a UPB generated bound entangled state as given in Eq. (1). To detect this state we further consider the entanglement witness operator [11, 14, 27] , given by
where Π is a projector onto the subspace spanned by the states within the UPB and I is the identity operator acting on the same Hilbert space where the states of the UPB belong. The parameter γ can be defined in the following way:
where the minimization is taken over all separable states |φ , belong to the Hilbert space where the states of the UPB belong. By construction of W, we obtain
Therefore, W witnesses the state ρ. Notice that the structure of the operator ensures the fact that the trace of the above equation must be ≥ 0 if the state ρ is a separable state. In this context, it is important to mention that entanglement witness operators for bipartite states can be constructed from a positive but not completely positive map. Let us consider a P but not CP map Λ, where Λ : M d → M d . The operator (I ⊗ Λ)|Ψ Ψ| can be used to witness entanglement of some states, here I is a d × d identity matrix and |Ψ is a maximally entangled state in d ⊗ d.
For a given entangled state, there always exists a positive but not completely positive map such that the map detects the entanglement of the state [6] . Taking inner automorphism of this map, it is possible to detect other entangled states that are locally equivalent to the given state. This particular fact can be realized in the following way: Let ρ be an entangled state which is detected by a positive but not completely positive map Λ, i.e., ∃ |ψ such that ψ|(I ⊗ Λ)ρ|ψ < 0. Now, consider any operator ρ = (A ⊗ B)ρ(A ⊗ B) † ; A and B are invertible operators. Rewriting the state ρ as i, j |i j| ⊗ ρ i j in the block matrix form, we get
Applying the map Λ on one of the subsystems of the operator ρ , we obtain
Notice that whether the above is positive or negative, solely depends on the term i, j |i j| ⊗ Λ(Bρ i j B † ). We further consider a different map Λ and apply it instead of Λ, where the action of Λ can be defined as Λ (X) = Λ(B −1 XB −1 ). Finally, consider the following
Thus, application of local invertible operators basically help to detect some extra entangled states with the same P but not CP map (in this context see also Refs. [28] ). However, for better understanding of this technique we consider few known PPT entangled states which satisfy the range criterion and discuss their detection using the Choi map along with a local unitary operator (given in the next section). This also helps us to understand the main results presented in the next section as applying the same technique we prove the inseparability of few PPT states in d ⊗ 3. Note that to prove the inseparability of the other PPT states we use the witness operator given in Eq. (3).
Main results
In Ref. [29] , it is shown that along with a suitable unitary it is possible to use Choi map to detect the PPT entangled state which is generated from a 3 ⊗ 3 UPB, given in Ref. [13] . The UPB and corresponding PPT entangled state are given by
Here the notation |a ± b ± c denotes the vector |a ± |b ± |c . We use this notation throughout the paper. Note that the Choi map alone cannot detect the PPT entangled state ρ of Eq. (9). The action of Choi map with a unitary operator is given in the following equation:
where u is a unitary operator. Here, we apply with the following unitary operator:
Observation 1. It is sufficient to apply the Choi map along with the unitary u to detect certain bound entangled states in 3 ⊗ 3 which satisfy the range criterion.
We consider two distinct classes of PPT states ρ 1 (λ), ρ 2 (λ). Originally, the values of λ for which these states are entangled, can be found in Refs. [11, 12] . ρ 1 (λ) and ρ 2 (λ) are given by
where |ψ i can be any state of the UPB given in Eq. (9) . Both classes of states given above satisfy the range criterion [11, 12] . Clearly, ρ 1 (λ) is of rank-5 while ρ 2 (λ) is of full rank. Now, we compute the minimum eigenvalues of the
It is found that for a small range of λ (compared to the original values as given in [11, 12] ), it is possible to prove the inseparability of the states ρ i (λ); i = 1, 2 by applying Λ u (see Figure 1 and Figure 2 ). The state (within the 3 ⊗ 3 UPB) which is considered for ρ 1 (λ), is |ψ 1 . Starting from the class of states ρ 1 (λ) in 3 ⊗ 3, a systematic method was developed in Ref. [11] to produce such states in d ⊗ d, having rank r where (d 2 − 4) ≤ r ≤ d 2 . This was done by considering UPBs with real coefficients, that is, the states within a UPB are the normalized vectors of a real vector space. Here we say these UPBs as real UPBs (also see Ref. [11] ). To prove the inseparability of those states, the witness operator given in Eq. (3) was employed. However, in d 1 ⊗ d 2 , we construct low-rank bound entangled states which satisfy the range criterion.
In this regard, it is essential to mention the following: Given a set S of four or lesser number of bipartite pure orthogonal product states in d 1 ⊗ d 2 then, the set S is extendible to a full basis in d 1 ⊗ d 2 [15] . This particular fact guarantees that the bound entangled states of Ref. [11] having rank r; d 2 − 4 ≤ r ≤ d 2 in d ⊗ d must satisfy the range criterion. Therefore, it is highly important to construct bound entangled states that satisfy the range criterion and also having rank r, where r < d 1 d 2 − 4 in d 1 ⊗ d 2 ; d 1 , d 1 ≥ 3. We are now ready to give a systematic protocol to do so: (i) Consider the class of UPBs for which if the stopper is removed from the UPB then the rest is extendible to a full basis, e.g., UPBs which are given in Refs. [13, 15, 30] . (ii) Following these constructions, it is possible to construct real UPBs of the above kind. (iii) The entanglement of an edge state corresponding to a UPB has robustness, i.e., if a product state is picked from a given UPB and is mixed with corresponding edge state then the resulting PPT state can be entangled. (iv) So, if the stopper is chosen from a real UPB of the above kind and mixed with the edge state with certain proportion to produce new bound entangled states then they must satisfy the range criterion.
Example. We consider a real UPB in 4 ⊗ 3. For the construction, one can go through GenTiles2 UPBs of Ref. [15] . The UPB and corresponding PPT entangled state (the edge state) are given as the following:
The above edge state is invariant under partial transpose as it is produced due to a real UPB. Again, this state is of rank-5. We now consider the following class of states, given by
The above states are of rank-6 < (d 1 d 2 − 4) , again, the ranges of these states are the same and is spanned by the following product states:
We prove the inseparability of a subset of the states σ 1 (λ) by applying the same technique as employed to prove the inseparability of a subset of states ρ i (λ); i = 1, 2. We basically compute the negative eigenvalues for a range of λ (see Figure 3 ). In general, to prove the existence of such class of states in d 1 ⊗ d 2 (which can be constructed from real UPBs), suitable witness operators can be employed. Now, we present the following theorem for any real UPB with the property that if the stopper is removed from the UPB then the rest is extendible to a full basis. These UPBs can be of any arbitrary cardinality (number of states present within a UPB). Theorem 1. Consider any UPB (of the above kind) with cardinality N in d 1 ⊗ d 2 . Starting from such a UPB, it is possible to construct bound entangled states of ranks (d 1 d 2 − N) + 1 to d 1 d 2 in d 1 ⊗ d 2 with the property that they satisfy the range criterion.
Proof. Consider a set S of pure orthogonal product states {|ψ i } N i=1 . The set S forms a real UPB in d 1 ⊗ d 2 with an additional property that if the stopper is removed from the set S then the rest is extendible to a full basis. This property is important to produce the desired entangled states. The bound entangled state (the edge state) due to this UPB is given by
Now, consider a subset S ⊆ S such that S must include the stopper. Assume that P be the normalized projector onto the subspace spanned by the product states of S . Let us now consider the following class of states:
Notice that all of the above states must satisfy the range criterion. This is because of the following facts: (a) The above states are invariant under partial transpose. (b) The ranges of the above states are spanned by a set of orthogonal product states which are normalized vectors of a real vector space (this happens as S contains the stopper). Now, to prove the inseparability of a subset of states from the above density matrices, we consider the same technique as given in Ref. [11] . We consider the entanglement witness operator W as defined in Sec. 2. Considering the trace Tr[Wσ 2 (λ)], we obtain
This quantity is less than zero when 0 < λ < γ, resulting the detection of PPT entangled states. Notice that if the subset S contains only the stopper then the states σ 2 (λ) have the rank (d 1 d 2 − N) + 1. Starting from this if the subset S becomes exactly the same as S then the states σ 2 (λ) have the rank d 1 d 2 (full rank). Here the proof completes.
A fundamental property of the class of states discussed in Theorem 1 is that the range of such a state is spanned by orthogonal product states. Therefore, it is quite natural to ask about the construction of bound entangled states which satisfy the range criterion but the range of such a state is not spanned by orthogonal product states, that is, the range of such a state is spanned by nonorthogonal product states. To answer this question, we consider a set S of pure orthogonal product states in a real Hilbert space H. Assume that the states of S form a UCPB and they span the subspace H S of H. If the normalized projector onto the complementary subspace H ⊥ S is separable then that state must be written as the convex combination of nonorthogonal product states. Explicit construction of such a set of product states is given in [15] . Now, we present the following theorem.
Theorem 2. The UCPBs of the above kind are useful to construct bound entangled states which satisfy the range criterion but the range of which is not spanned by orthogonal product states.
be such a UCPB in a Hilbert space H. If these states span the subspace H S 1 of H then the complementary subspace H ⊥ S 1 contains the states {|ψ i } n i=n +1 , where n is strictly less then the net dimension of H. The normalized projector σ 3 onto the subspace H ⊥ S 1 is separable. Therefore, the state σ 3 satisfies the range criterion. Notices that the states of S 1 and the states {|ψ i } n i=n +1 together form a UPB. We assume that the edge state corresponding to that UPB is σ 3 . So, σ 3 can be written as the convex combination of σ 3 and some separable state δ 1 , for clarity see Eq. (2) . We now define a class of partial transpose invariant states σ 3 (λ) as the following:
Clearly, for nonzero λ, all of them have the same range. So, the states σ 3 (λ) satisfy the range criterion. Next, to prove the inseparability of a subset of such states, one can follow the technique given in the proof of Theorem 1. So, using the witness operator, given in Eq. (3), it is possible to have inseparable PPT states when 0 < λ < γ. So, these result in bound entangled states which satisfy the range criterion but the range of such a state is not spanned by orthogonal product states.
The states constructed so far, are bipartite noisy bound entangled states which satisfy the range criterion. However, there also exist bipartite noisy bound entangled states which do not satisfy the range criterion. Moreover, it is possible to construct a class of bound entangled states which show maximal robustness of entanglement of an edge state. To realize this fact, consider a UCPB in a Hilbert space H. This UCPB should be different compared to the above one in a sense that if the states of the UCPB span the subspace H S of H then the complementary subspace H ⊥ S has product state deficit. Thus, the normalized projector onto the complementary subspace must be entangled and violet the range criterion. In fact consider the following class of states (having exactly the same range as that of the normalized projector onto the complementary subspace H ⊥ S )
where δ 2 is a separable state and σ 4 is an edge state. Note that due to product state deficit for all nonzero values of λ, the states σ 4 (λ) violate the range criterion. So, all of these states are entangled and due to the construction they must be PPT. These states also suggest that with any proportion the separable states δ 2 is mixed with the edge state σ 4 , the resulting states are inseparable. In this sense, the above states are showing maximal robustness of entanglement of the edge state. Interestingly, the witness operator given in Sec. 2 is not able to detect all the states σ 4 (λ) and it happens when λ > γ.
Example:. It is possible to construct a simple example of such a class of bound entangled states. Consider the UPB in 3 ⊗ 3 and the state ρ as given earlier in Eq. (9). This UPB can be extended trivially to a 4 ⊗ 3 UPB by adding some product states {|41 , |42 , |43 }. Here, the notation |ab stands for |a ⊗ |b . Now, consider the following class of PPT states:
where |ab is any product state picked from the set {|41 , |42 , |43 }. Notice that the state |ab neither belong to the 3 ⊗ 3 subspace where the pure states of Eq. (9) reside nor belong to the support of ρ. So, the five-dimensional subspace where the states ρ 3 (λ) are supported, has product state deficit. This certifies the violation of the range criterion by the states ρ 3 (λ) and therefore, we identify a different class of bipartite bound entangled states which are noisy and violet the range criterion.
There are other ways to construct noisy bound entangled states. In this regard we consider a different type of UPBs -the states of which cannot be perfectly distinguished by separable measurements. Such UPBs can be found in Refs. [31, 32] . We now present the following proposition and as a useful byproduct of the following proposition we obtain a new method to generate noisy bound entangled states. Proposition 1. Consider a UPB, the states of which cannot be perfectly distinguished by separable measurements. From such a UPB if any state is missing then the resulting set becomes a UCPB.
Proof. If there are N states which form a UPB of the above kind then take any N − 1 states without loss of generality. It is possible to construct rank-1 separable operators (Π i ) corresponding to these states. To complete a separable measurement the operator (I − N−1 i=1 Π i ) must be separable. But this contradicts the fact that the states of the UPB cannot be distinguished by any separable measurement. Thus, the operator (I − N−1 i=1 Π i ) must be inseparable and as it is a projector, the inseparability results the fact that there must not be sufficient orthogonal product states present in the range of the operator (I − N−1 i=1 Π i ). Because if there are sufficient pure orthogonal product states then the operator must be separable. Clearly, in a given Hilbert space H, if the subset of any N − 1 states of the UPB span the subspace H S of H then H ⊥ S contains fewer orthogonal product states then its dimension. So, the subset is a UCPB.
Notice that the operators (I − N−1 i=1 Π i ) in the normalized form are noisy bound entangled states as the subset of any N − 1 states is a UCPB. However, it is not known whether these states satisfy the range criterion or not. From the discussion so far, it is clear that if a state is missing from the UPB then it may result in a UCPB which can lead to the generation of noisy bound entangled state. But this may depend on which state is missing. However, there are scenarios when it really does not matter which state is missing as the resulting subset is always a UCPB (Proposition 1). Along with this line an interesting observation can be given in the following way: Consider the UPB, given in Eq. (13) . Suppose, from this UPB the first state |φ 1 is missing. Then the the rest product states spans a six-dimensional subspace H S . Applying the map Λ u of Eq. (10), it can be shown that the normalized projector onto the subspace H ⊥ S is inseparable. Thus, if the state |φ 1 is missing from the UPB of Eq. (13) then the rest product states result in a UCPB. On the other hand, if the state |φ 7 is missing from the same UPB then the rest product states can be extended to a full basis.
Conclusion
In this work, we have mainly focused on the construction of the noisy bound entangled states. Such a state can be written as a convex combination of an edge state and a separable state. Undoubtedly, such states shed light on the robustness of entanglement of edge states. Moreover, in a practical scenario it is never possible to eliminate noise completely and hence studying noisy entangled states have practical relevance. We have constructed an explicit protocol to produce low-rank noisy bound entangled states which satisfy the range criterion. In particular, the ranges of these states are spanned by orthogonal product states. Furthermore, we have discussed about ways to construct noisy bound entangled states from UCPBs. We have shown that the range of a UCPB generated bound entangled state may not be spanned by orthogonal product state still it can satisfy the range criterion. For further studies one may consider the present problem of constructing distinct classes of noisy bound entangled states but without invoking product bases. It will also be interesting to examine whether these states will satisfy range criterion or not.
